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Lecture 1: Simple Regression

Introduction

Often in applications we would like to see if there is an association or trend of one variable with
another. For example: How does the price of a house depend on its size?

A dataset for this very simple example would contain only two columns:

o Size of the house (in square meters)
« Price of the house (in €)

A scatter plot of such data can be used to visually interpret the association between the two variables
and to get a first impression of the data. On this data, different models can be fitted to describe the
association between the two variables, the simplest of which is a linear model.

Linear Regression Model

Linear models can be used to predict the price of a house based on its size. For linear models we
want to fit a line to the data. The line is described by the equation:

y = fo+ Bz

where y is the intercept, (; is the slope of the line.

Assumptions of the model

The model above only works if the data behaves as: y; = 8o + S17; + ¢; and ¢; ~ N(0,0?). In
particular the following assumptions have to be met:

e Independence of y
— Each sample is independent of the others
— (E.g. daily temperatures are not independent, since they tend to be similar to the previous
day)
e Linearity of mean of y
— The mean of y is linearly dependent on =
— (This allows the fitted line to pass through the center of the data)
e Homogeneity of variance of y
— The variance of y is constant for all x
o Normal distribution of y
— The distribution of y is normal for all x

Least squares
The idea is to find ﬁo and 31 that minimizes

n

Z (i — 1)’

i=1



where 7; = BO + lei

This overall minimizes the vertical distances between the data points and the fitted line.

Estimation of 3, and 3,

This minimazation problem can be solved by setting the partial derivatives of the sum (w.r.t. Bo
and (1) to zero and yields the following results:

Doy (2 = T) (yi — 9) M

B\l = =
S @i Bw
n —
Ty — &
= ( E c;y; where ¢; = n_2>
i=1 i=1 (zz - 1')
Bo=17— Pz

The equation for 31 states that the fitted line always goes through the point (z,y) and that the
slope is given by the ratio of the covariance of x and y and the variance of x.

The abreveations S,; denotes the sum of the products of the deviations of a and b from their means.
Sab = iy (a; —a) (bi — b)
Both estimates are unbiased. Meaning that E(fy) = 8o and E(S1) = bi.

Variances of ﬁo and 51

Vo) = S S
=1 ?

A 1 72 1 2
wad:£<"+2ﬁﬂ;—if>:£<n+;;)
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where o2 is the variance of the error term ¢,. In practices o2 is unknown and is estimated by s2.

Estimation of o2 using s

Given an independent set of observations (x;,y;) that follow the regression model y = By + f1z; + €;
€; ~ N(0,0?),

s? =

- ~ SS’r‘esidual
> (i — i) = Tl

1
n—2i:1 n—2

is an unbiased estimator for 02 = Var(e;). This is called the residual variance, and measures the

variance around the fitted line. This estimation can be derived via Maximum Likelihood Estimation
(MLE) of o2.

The denominator n—2 is called the degrees of freedom and is the number of independent observations
minus the number of parameters estimated (at least in this model).

¢ In this case we estimate the two parameters Sy and $; which are hidden in §; = Bo + lei

e Calculating 30 and 31 requires 2 data points (since we want to fit a line), so whenever we are
using the already estimated Sy and 31 we have n — 2 free points left.

Sample Variances of 50 and 51

2

Using the estimated o2 ~ s we can evaulate the sample variances of of Bo and 31:



s2

Sacx
5 1 z?
Var(ﬂo) ~ 52 (n + Sww>

Standard error is defined as the square root of the variance of the estimate. In this case we have:

Var(f) ~

=/ Var(g
=/ Var(8

3\'—‘
aEQ
8§

Prediction of the mean at a fixed z,,.,
Using the same model as before: y = 3y + f1x + €, where € ~ N(0, 02)

To predict the mean y,,cqn for an arbitrary x,.,, we simply calculate the expected value:

Ymean = E[y(xnew)] = E[ﬁo + lenew + 6] = ﬁO + lenew ~ BO + 31$new

The variance of this mean value is given by:

N N 1 = 2
Va’r(ymean) = VGT(BO + ﬂlxnew) = g2 <n + W)

Plugging in x,, = 0 yields the variance of the intercept as seen in the previous section.

Prediction of a new observation y,., at a fixed x,.,
Using the same model as before: y = By + B1x + €, where € ~ N (0, 02) we can conclude:

e The expected value of a new observation at position x,e, is exactly the ¥meqan from the
previous section.

e The variance of the new observation can be calculated as follows:

] ] 1 new — & 2
Var(y(xnew)) = Var(ﬁo —+ lenew + 6) — 0_2 (1 + ﬁ + (.’ES,CL')>

This shows that the variance of the error term is added to the variance of the mean value.

T-test

T-test Hypothesis

We want to test the hypothesis Hy : 51 = 0 against H; : 81 # 0. The null hypothesis states that
the covariate has no effect on the outcome. Meaning that there is absolutely no linear association
between the two variables.

T-test statistic

T B1 _ 51A ~t s

Uar(ﬁl) se(f1

T is the ratio of the estimated slope and its standard error. The distribution of this parameter is a
t-distribution with n — 2 degrees of freedom.

For a given significance level a we can then reject the null hypothesis if either:



o |T| > tn—21-g, where t,_21_g is the 1 — § quantile of the ¢, o distribution. (Quantile
approach)
e p<awherep=2-(1—P(t <|T|)) where t ~ t,,_o (P-Value approach, two sided test)

F-test

F-test Hypothesis

The F-Test is used to test the hypothesis Hy : 51 = 0 against H; : 81 # 0 in another way. It obtains
the same result as the t-test.

F-test statistic

F= SSregression . n—2
SSresidual 1

~Fip_2

The Null hypothesis is rejected equivalently if either:

o F'>Fy,_21-q (Quantile approach)
e P(f>F)<awhere f ~ Fy,_5. (P-Value approach)

Confidence intervals

A confidence interval is a random interval that covers the true value of 8; with probability 1 — a.

Confidence Interval for 3,

The confidence interval for 5, (with accuracy 1 — «) is given by

~

Bty _o1_g - se(Br)

Since this is a random function (ﬁl is a random variable) the confidence interval is random as well.
Hence the interval covers the true value of 3; with probability 1 — a.

Confidence Interval for 1,,.., at a fixed x,.,

The confidence interval for yeqn (With accuracy 1 — ) at a fixed ey is given by:

BAO + ﬁAlxnew + tn—2,1—% : 86(60 + lenew)

A A — 2 .
where se(fo + S1Tnew) = 51/ £ + (x”gwim as seen previously.

Confidence Interval for vy,., at a fixed x,.,

The confidence interval for Y., (with accuracy 1 — «) at a fixed Xy is given by:

gO + 31$new + tn72,17% : 56(6\0 + glmnew + 6)

where 36(30 + Binew + €) ~ S\/l + % + (z"CS”J as seen previously.

This means that the confidence interval for y,e,, is located at the same position as the confidence
interval for ymeqan but the variance is increased by the variance of the error term.

This means that the confidence interval for y,.,, is always wider than the confidence interval for

ymean M



Analysis of Variance (ANOVA)

We now want to derive, how much of the variability of y is explained by the model and how much is
left unexplained. The total variability of our data is given by:

n

SStotal = Z (yl - Q)Q

i=1
but it can be directly decomposed into the variability due to regression and the residual variability:

n

Z(yi —y)? = Z(?z —§)2+Z(yi — i)

i=1 i=1 i=1

SStotal SSregression SSresidual

e SSiotar is the total variation of the data, its the sum of the squared deviations of the data
from its mean.

— This calculation has n — 1 degrees of freedom, because one value of y; is uniquely
determined by the mean y

o SS,cgression is the variation explained by the regression model. It measures how much the
fitted values differ from the mean.

— This calculation has 1 degree of freedom since the values of §; are determined by 2 degrees
of freedom (Bo and 31) but the mean § cancels out the effect of 5y. So only one degree of
freedom is left.

o 5S,esidual is the residual variation, it measures the remaining random error of the data
around the fitted line.

— This calculation has n — 2 degrees of freedom since we are already given § = 30 + 31 ;.
Bo and B1 and can be used to uniquely determine two values of y;. So in total there are
n — 2 degrees of freedom left.

R? Percentage of variation explained by the model

The percentage of variability explained by the model is given by the ratio of the variability explained
by the model and the total variability.

R2 _ 22;1 (gz - 5)2 o SSregression —1_ SSresidual

Z?:l (yl - g)Q SStotal SStotal

The value R? can lies between 0 and 1 and can be interpreted as the percentage of the variation
explained by changes in the covariate x.

It measures how broadly the data is spread around the fitted line. If the data is very close to the
fitted line, then R? is close to 1. If the data is very far away from the fitted line, then R? is close to
0.

Pearson’s correlation coefficient

Another measure of the linear association between two variables is the Pearson’s Correlation
Coeflicient. It is given by:

r = sgn(f)VR2 = _ Se

Since cov(x,y) = f%’l and var(z) = Sj‘”l we can also write:
cov(z,y)
var(x)var(y)

10



The value r is between -1 and 1. It is 1 if the two variables are perfectly positive correlated, -1 if
they are perfectly negative correlated and 0 if they are not correlated at all.

The formula is symmetric, meaning that r(z,y) = r(y, ), so it does not matter which variable is
the covariate and which is the outcome.

ANOVA Table

The ANOVA table is used to test the hypothesis Hy : f1 = 0 against Hy : 51 # 0. It computes the F
value of the regression which can then be used to test the hypothesis based on the F-test described
above.

ANOVA table for regression

Let k denote the number of regression slopes in the data not including the intercept,
for this lecture k = 1; df degrees of freedom, SS sum of squares, MS mean square

Source df SS MS F
Regression k S'ST':‘ BQTESSiOTl j SSregression M Sregression
i=1(yi . y) k MSyesiquar
Residual n—-k—1 SSresidual = SSresidual _ 2

SEi—=9)  n—k-1_

SStotal = M

Total n—1 _
?:10’:‘ - Y)Z n—1

Abbildung 1: ANOVA table

11



Lecture 2: Multiple Regression

Introduction

The linear model seen in the previous lecture can be extended to multiple variables. This is usefull
if we want to predict the price of a house based on more than just one variable, e.g. the size and
the number of rooms.

Otherwise the model stays the same. This time however we want to fit a hyperplane to the data.

Multiple Regression Model
k
y=Po+ Z Bixi
i=1

where §; are the coefficients and xz; are the variables.

Assumptions of the model

Similarly the model above only works if the data behaves as: y; = 5y + Zle Bix; + € and
€; ~~ ]\7(07 0‘2).

Least squares introduction

The least squares method can be extended to multiple variables. The only difference is that we now
have to find Sy, A1, ..., Sx to minimize the sum of squared residuals:

n

Ssrcsidual = Z(yz - gl)z

i=1
For the calculations to work out nicely we need to define higher dimensional random vectors and

matrices.

Random vectors and matrices

A random vector is a vector whose components are random variables. Similarly a random matrix is
a matrix whose components are random variables. For example:

Xl X11 X12 N Xln
Xo Xor Xoo ... Xgy

V= . |eR* and M= ) . c Rm*n
Xn Xml Xm2 e an

12



Expected value

The expected value of such objects is defined as the matrix obtained by taking the expected value of
each component. For example:

E(Xll) E(X12) E(Xln)
E(le) E(XQZ) E(XQTL)
E(Xml) E(Xmg) E(an)

Variance matrix

Calculating the variance is a bit more complicated. Lets start with the variance of a random vector:

X1 H1
Xo fho
V= . with pu=E(V)= .
Xn fn

where p is the mean of the random vector. The variance matrix is defined as:

S =Var(V)=E(V — p)(V — u)7)

E[(X1 — p1)?] El(X1 — 1) (X —p2)] . E[(X1 — p1) (X — pn)]
_ E[(X2 — p2)(X1 — p1)] E[(X2 — p2)?] coo El(Xo = p2) (X — pin)]
Bl(Xn = p)(X1 — )] El(Xn = )Xo = )] . Bl(Xn — in)?]

The matrix ¥ is symmetric and positive semi-definite. The diagonal elements are the variances of
the components of V' and the off-diagonal elements are the covariances of the components of V. If
the matrix is diagonal, then the components of V' are independent.

Properties of random objects

Let A be a constant matrix and y a random vector. Then Ay is also a random vector and:

« E(Ay) = AE(y)
o Var(Ay) = AVar(y)AT
e if y is normally distributed, then Ay is also normally distributed

Least squares model in matrix form

To represent the assumptions of the model in matrix form we can write:

Y=X0+¢

The matrix X is called the design matrix and is defined as:

1 211 ®i2 ... Tk Bo
1

o [P b g g | ero
1 wp1 ZTp2 .. Tk 514:

Adding the constant column of 1’s to the design matrix allows to simplify the notation. The vector €
is defined as:

13



€1
€o
e=| . with ¢ ~ N(0,0?)

€n

To simplify the notation we can write: € ~ N(0,0%1,) where I,, is the identity matrix of size n. The
expected value of € is E(e) = 0 and the variance matrix is Var(e) = o21I,.

Least squares solution

If we put the least squares model in matrix form we get:

(yi — 9:)?

-

Il
—

SS'r‘esidual =

(2

I
NE

k
(yi — 30 - Zﬁjﬂfzj)Q
j=1

=1
=Y - XY - Xp)
=YTy —YTXxB3-BTXTY + BT XT X3
=YTy —28T7X"TY + fTXT X}

o
Il

To find the minimum we can take the derivative with respect to B and set it to O:

05Sresidual __oxTy 4 9xTx B
op

f=xX"X)"'xTy
This only works if X7 X is invertible. This is the case if the columns of X are linearly independent.

Hat matrix
Using the multiple regression model we can predict the value of § for a new observation z*:
§=X3=XXTX)"'xTy=Hy

| ——
H

where H is called the hat matrix. H it is a so called projection matrix, i.e. H projects y onto the
linear subspace spanned by the columns of X.

1 is the vector of predicted values for the data points in X.
All projection matrices have the following properties:

o M is symmetric

e H is idempotent, i.e. H?> = H

It is called the hat matrix because it puts a hat on y to indicate that it is a prediction.

Residuals

The residuals are defined as:

e=y—9g=y—Hy=(I,—H)y

14



I, — H is also a projection matrix. It projects y onto the linear subspace orthogonal to the linear
subspace spanned by the columns of X.

Rearranging the equation above we get:
y=y+te

This means that the observed value y can bew writen as the sum of the predicted value § and the
orthogonal residual e.

Maximum likelihood

Using the same principle as in the previous lecture we can show that the least squares solution is the
maximum likelihood solution. For this we first need to define the data model in a probabilistic way:

yi=XB+e with e~ N(0,0%I,)
k
— yi ~ N(pi,0) with p; = X8 = 6o + Zﬁjwzj
j=1

— y~ N(XB,0%I,)

This means that the probability density function of y; is:

f) = \/% exp (W’)

The likelihood function is defined as:

L(B,0|y1, .. yn) = [ [ £(w)

Il
—
=N
S|~
Q
[\v]
e}
<
o]
/T\
S
[N~}
q
NI=
o
~

Unbiased estimator of ¢ in multiple regression

Maximizing the likelihood function with respect to o2 yields:
n

1
2_ - A
s —nikili (yi — 0i)

i=1

where k is the number of predictors without the intercept. This is an unbiased estimator of o2.

Unbiased estimator of 5 in multiple regression

Maximizing the likelihood function with respect to [ yields:
B=(XTX)"'xTy

This is an unbiased estimator of /3.

15



Variance of [ in multiple regression

The variance of B is defined as:
Var(f) = o?(XTX)™?

Anova table for multiple regression
The ANOVA table in multiple regression is similar to the one in simple regression.
ANOVA table for regression

Let k denote the number of regression slopes in the data not including the intercept,
for this lecture k = 1; df degrees of freedom, SS sum of squares, MS mean square

Source df SS MS F
Regression k S%egrf“i‘"l o SSregression | Mbregression
i=1(9: = ¥) k MSyesiquar
Residual n—k—1 SSresidual = SSresidual — g2

S =9  n—k—-1_

SStotal = SStotal

Total n—1 _
?=1(J’i - y)z n—1

Abbildung 2: ANOVA table
However there exist some convenient formulas to calculate the values in the table in matrix form:
SStotal = Z/TZ/ - ngf

SSresidual = yTy - BTXTXﬂA
SSTegression = BTXTXB - nQQ

where SSiotal = SSregression + S Sresidual still holds.

F-test

F-test hypothesis

The F-statistic is used to test the significance of the model. In particular it tests the null hypothesis
Hy : p1 = s = -+ = B = 0. Therefore it checks if there is any linear relationship between the
response variable y and any of the predictors x1, xs, ..., Tk.

F-test statistic

The F-statistic is defined as:

= MSregTession _ SSregression/k _ SSregTession
M S;esidual Ssrcsidual/(n — k- 1) 52

~Fypn—k-1

16



where M S stands for mean square and S.S for sum of squares. The F-statistic follows an F-distribution
with k and n — k — 1 degrees of freedom.

The Null hypothesis Hy is rejected if

e F>Frnk-11-a
e p=P(Z>F)<awhere Z ~ Fj, n_1_1

where p is the p-value of the F-statistic.

T-test

T-test hypothesis

The T-statistic is used to test the significance of each predictor. In particular it tests the null
hypothesis Hy : 8; = 0 for each predictor x;.

T-test statistic

The T-statistic in multiple regression is defined as:

A N

seB) \ [var(B)

where se stands for standard error. The T-statistic follows a T-distribution with n — k — 1 degrees
of freedom.

The Null hypothesis Hy is rejected if

o |t > th_k—1,1-a/2
o p=2P(Z > |t;]) < a where Z ~ t,,_j_1

where p is the p-value of the T-statistic.

Confidence intervals

The confidence interval for ; is defined as:
B+ tn—k—l,l—a/Qse(Bi)

Association vs. causation

The multiple regression model can be used to find associations between variables. However it cannot
be used to find causations. For example:

e 11 = number of fire fighters
e 1o = number of fires
e y = damage caused by fires

The model y = By + S121 + B2x2 would find a positive association between x; and y and a negative
association between x5 and y. However it would be wrong to conclude that hiring more fire fighters
would cause more fires and that more fires would cause more damage. In this case the number of
fires is the confounding variable causing the association between z; and y.

In general it cannot be differentiated between the following two cases:

o X causes Y
o Z causes X and Y
e X and Z cause Y
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Collinearity

If two or more predictors are highly correlated, then the matrix X7 X is not invertible. This means
that the least squares solution cannot be calculated. This is called collinearity.

Linear hypothesis

If we have a regression model y = 8y + S121 + Boxo + B3x3 + Baxs + Bsxs + Bexe + € and we want to
test the hypothesis Hy : 84 = 85 = 85 = 0 (i.e. all predictors are zero). We can rewrite the model as:

0 000T1O0GO0
Hy:AB=0 with A=({0 0 0 0 0 1 O
0 000 O0O0T1
Bo
e
0000100 P
=10 0 0 0 0 1 O 3| =0
0 000 O0O01 4
5
Be
Ba
=16 |=0
Bs

F-Test for linear hypothesis

The hypothesis test can be written as:

Hrestricted cpaA = BO + ﬂlxl + B2x2 + 53%3
Hpyy o pp = Po + Brx1 + Baxa + Bsxs + fats + P55 + Bexe

This means that in general the full model has more free parameters than the restricted model and is
therefore more flexible. And a better predictor. In particular this means that:

SSTestricted > SSfull

residual restdual

The F-statistic is defined as:

(Ssrestricted SSf”” )/a

_ residual residual
= ~Y

SSfu”duozl/(n —k— 1)

Test

a,n—k—1

where a is the number of restrictions (i.e. the number of rows in A which is 3 in this case).
The Null hypothesis Hj is rejected either if:

o I'> Fa,n—k—l,l—(x
e p=P(Z>F)<oawhere Z ~ Fyp_j_1

18



Lecture 3: Specification

One Sample Problem

The one sample problem is used to reason about data that is drawn from a single stable process.
The model assumes y; = 3o + €; where ¢; ~ N(0,0?).
In Matrix from the model is Efy] = X3 + ¢ where X = [1 1 --- 1]T and 3 = [f].

This can be solved classicaly using 3 = ¢ and s2 = ﬁ Sy —y)%

Two Sample Problem

The two sample problem is used to reason about data that is drawn from two stable processes. For
example, we get m observations from one process and n — m observations from another process.
Each group has an individual mean. This yields to:

_ JBite fori=1,....m
vi= Bo+e fori=m—+1,....n

= B1xi1 + BaTio

1 fori=1,....m 0 fori=1,...,m
where x;1 = ) and x;0 = i .
0 fori=m+4+1,...,n 1 fori=m+1,...,n

10

In Matrix form the model is y = X5 + € where X = 0 (1) and 8 = {gl} .
2

_O 1_
When programmed in R, the model must be fitted using Im(y ~ x1 + x2 -1). The -1 removes the
intercept from the model since it is included by default. If the intercept is not removed, the program
will crash since the lines are not linearly independent anymore (the sum of the two covariate columns

equals the full 1 column of the intercept).

Alternatively, instead of removing the intercept, one can simply use one of the indicators for that
purpose. For example, Im(y ~ x2) will use the intercept as value for the factor of the first covariate.
Using 1lm(y ~ factor(x)) will even take care of the coding of the covariates automatically.

Interactions

An interaction happens when the effect of one variable affects the effect of another variable. For
example, the effect of a drug may be different for different ages.
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Main Effect

If a variable has a main effect, then the effect of the variable is the same for all values of the other
variables. For example, the effect of a drug is the same for all ages.

The model for such an interaction is:

P =

Bo + Brri + € fori=1,...,m
Bo+ B1%i—m +P2+e€ fori=m-+1,...,n

where (5 is the main effect of the variable. It has a constant effect on all values of the other variable.
This model results in two parallel lines if plotted.

1 X1 0
1 m. /80
The matrix form of the model is y = X5 + € where X = 1 xm 1 and 8= |/
! B

|1 z, 1]

Interaction Effect

If a variable has an interaction effect, then the effect of the variable is different for different values
of the other variables. For example, a drug is less effective for older people.

The model for such an interaction is:

_ ) Bo+ Pzt € fori=1,...,m
Y Bo+ Bixi—m + B2+ B3zi—m + € fori=m+1,...,n

where 5 measures the constant effect of the variable and 3 measures the interaction effect of the
variable. This model results in two non-parallel lines if plotted.

1 Iy 0 0
SRR 5
The matrix form of the model is y = X3 + € where X = L @m 00 and g = b
1 I 1 Iy 6
: Bs
_1 Tm 1 Tm |

Multicollinearity

Multicollinearity is when two or more variables are highly correlated. This can cause problems in
the model, as one can no longer distinguish between the effects of the individual variables.

Adittionally, multicollinearity can cause the model to be unstable. As the matrix X7 X becomes
more and more singular, the variance of the estimates increases.

Orthogonal Design

For many models, the design matrix X can be made orthogonal. This means that the matrix X is
chosen such that all columns are orthogonal to each other.

This has the advantage that all regression coefficients remain the same, even if the model is fitted
with only a subset of the covariates. Another consequence is that the S, of smaller models (with
covariates A, B and C, D) sum up to the SS,., of the larger model (with covariates A, B, C, D).
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Additionally it is very easy to compute the regression coefficients, as the matrix X7 X is diagona
which means that there is no correlation between the covariates. (And as a consequence, also no
correlation between the components of 3.)

B = (XTX)"1XTy can be calculated quite easily then.
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Lecture 4: Model Diagnostics

Residuals

When the model is correctly specified, the residuals should be identically distributed, according to a

normal distribution around the mean 0 and with variance o2.

Incorrectly Specified Model

If the model is incorrectly specified and missing a vital covariate, the mean of the residuals may not
be 0 anymore.

Assumed model: y = X3 + ¢
True model: y = X8+ U~y +¢€¢ (with U not in the vector space spanned by the columns of X)

It follows:
Elel = Ely — 9]
= (1 - H)Bly)
= - H)(XB+Un)
(I — H)Uy

This can’t be 0 since U is not in the vector space spanned by the columns of X (which includes 0).

Distribution of Residuals

We assume €’s to be independent and their variance to be constant. But this does not hold for the
residuals.
e=y—19, Var(e)=o*(I—H)

Var(e;) = 0*(1 — hyi), Covle;,e;) = —a*hy i3]

(hi; are the elements of H)

This means that the residuals cannot be assumed to be independent and don’t have constant
variance.

Standardized and Studentized Residuals

It is possible to adjust the residuals to have approximate mean 0 and variance 1. Two methods are
the so called standardized and studentized residuals.

€

i
€ as estimate for o2
n—k—1

Using s? =

Standardized residuals: ej = <

€4

svV1—h;;

Studentized residuals: d; =
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Residual Plots

With normal errors the studentized residuals should approximate a standard normal distribution.
This means that absolute values |d;| > 2 or |d;| > 3 are an indicator that the model is probably not
correctly specified.

The studentized residuals can help to identify outliers, but outliers can still have a normal studentized
residual.

Therefore it is strongly suggested to plot the residuals (or studentized residuals) and look manually
for patterns deviating from a normal distribution around 0.

Serial correlation

In a simple model y = X3 + € the errors should be independent.

For samples collected in some time order (e.g. stock prices one day after the other) the residuals
may be correlated. The reason for this is, that some event may not only affect one, but multiple
successive measurements.

Autocorrelation of Residuals

n
. Zt=k+1 €t€t—k
Tk = ——==n 5

+ L k=1,2,...
Zt:le?

This is called lag k autocorrelation and measures the association between the residuals in the
same time series.

ro=1and —1 < r, <1 with E[rg] = 0 and Var(rg) =~ 1/n for k > 0.

When plotting the autocorrelation, the values 7y for k > 0 should stay within a band of +2/+/n.
Values outside indicate autocorrelation.

Also plots of e; vs. e;_j should show no pattern.

Dubin-Watson Test Statistic

n o 2
DW = Ztﬂ(eﬁ ‘3;—1) ~2(1—r)
D=1 €

Under the null hypothesis that the residuals are not correlated, this test statistic is approximately
DW = 2. Stronger deviations may indicate dependence between the errors.

Note that this test should only be an informal check. If the data seems to be dependent, alternative
time series methods must be used.

Influence and Leverage of Outliers

Outliers can have a strong influence on the model and should be analysed carefully.

The fitted values §; are weighted averages of its own response and the responses of the other
observations.

0i = hiy; + Z hijy; since(§ = Hy)
J#i
Where h;; are the elements of the hat matrix H = X (X'X)"*X".

Since Var(e;) = 02(1 — hj;), the variance of the residuals becomes nearly 0 if h;; is close to 1, such
cases have high impact on the fitted line since e; = y; — ¢; =~ 0. This is called high leverage since the
observation extremely pulls the fitted line towards itself.
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Properties of Leverage
hi; is called the leverage of the i-th observation.

e Leverage does not depend on the response y;. It only depends on the covariates x;.
o« L <1
e Leverage is higher for x values far from the mean Zz.

o h= % and a case is called high leverage if h;; > 2h

High leverage points can have a strong influence on the model, but don’t have to.

The influence of an observation is measured by the change in the estimated coefficients if the
observation is removed. This measure takes the response y; into account.

Cook’s distance is a measure for the influence of an observation.

D = (B Buy)) X' X (B — Bay)/[(k +1)s?]

where B(i) is the vector of estimated coefficients without the i-th observation.

_hud? using d; = —=2
A=) (k+1) &&= T h,

All the necessary values can be obtained from a single regression by storing the residuals and the
hat matrix.

It can be reformulated as: D; =

It also shows that high leverage only has a high influence if the corresponding residual is large as
well.

Some general rules for when one should be concerned:

e D; > 0.5 : should be examined
e D; >1: great concern
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Lecture 5: Lack of Fit

Lack of Fit Tests

Dataset: n observations, k < n different values of x observed (for simplicity only one covariate z).
o Test the fit of a linear relationship model: y = By + f1x + €.
e A lack of fit test requires multiple observations for each z value: nq,...,ng.
o Example: Yield of a chemical process repeated several times on each of 6 different temperatures.

Such experiments can be modeled using classification (each z value is a class with its own effect):

yij = Bil(z; = 1) + -+ + Bl (zi = %) + €15, €ij ~ N(0,0%)

It holds that:

k ng
(313 e 731@) = (glv cee 7gk)SSTesidual - Z Z(yw - gz)2df n—k

i=1 j=1

Meaning each BZ is the mean of the y values of the i-th class and the residual sum of squares is the
sum of all sum of squares from each individual class and has n — k degrees of freedom.

Construction of the Test

Consider our restricted model we want to test for: y;; = 8o + S1x; + €.

k n;
SSTestiuar® =Y > (Yi; — o — Pra)? L
=1 5=l LFSS = (G — Bo — Byz;)?
_ ggfull _ gglackoffit S5 an(y, Fo = Przi)
- residual residuals i=1
= PESS — LFSS

The lack of fit sum of squares is the difference between the residual sum of squares of the full model
and the restricted model, with SSrestricted > gg/ull and LFSS > 0.

residual residual

Testing for lack of fit
Restricted I—IyPOthQ&b Hrestricted * Mrestrict = ﬁO + lei-
VS.

Full Hypothesis: Hpuy @ ppun = Bil(x; = x1) + - - + Bl (2 = x1).

B Ssrestricted _SSfu” (k_2) B LFSS/(k—Q)

restdual residual

88/ vt/ (0= k)  PESS/(n—F)

S

F

~Fy_2n_k

Using the resulting value, arbitrary significance levels can be used to test the hypothesis.
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Variance Stabilizing Transformations

Typically the variance of the data tends to increase with the mean. This is bad for linear models
since the residuals are assumed to be normally distributed with constant variance.

Assume the error € ~ N (0, [h(p)]?0?), where h(u) is a function of the mean. The goal is to find a

transformation g(y) such that the variance of the transformed data is constant with respect to the

mean. This can be achieved by using a function where ¢'(1) = 7 (1“).

Example: h(u) = p (variance increases with the mean)

¢ g(p) =log(n)
o This means that the regression target y should be transformed to log(y) before fitting the

model. After the model is fitted, the predictions can be transformed back to the original scale
using the inverse transformation g=!(y) = ev.

¢ By using this transformation, the residuals will have constant variance with respect to the
mean during the fitting process.

Box-Cox Transformations

The box-cox transformation is a family of power transformations. It tries to find the best power
transformation A such that the variance of the transformed data is constant with respect to the
mean.

A
e Find X such that y()‘) = ;’11'/}_1 minimizes the residual sum of squares SSyesiduar(N)-
Yg

i
o g = [[11, vi]*/™ is the geometric mean of y for the sample used to fit the model.
o After X is selected, just the power A is applied to the y, the other things are dropped.

Most commonly S'S;.csidguai(A) is computed for some grid values and the best one selected:

e A = 0: log transform

e X\ = 0.5: square root transform
e A = 1: no transform

e )\ = 2: square transform
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Lecture 6: Model Selection

The job of model selection is to find the best model for a given dataset. This is done by comparing
different models using a criterion that measures the “quality” of the model.

Introduction

To many parameters can increase the variance of the fitted values. To few parameters can increase
the bias. The goal is to find a model that minimizes both. We only want to include parameters that
are necessary to explain the data.

Possible Selection Criteria

All Subsets Regression

When having a dataset with k parameters, there are 2* possible model, just by including or excluding
each parameter. One could fit all these models and compare them using a criterion.

This is not feasible for large k.

R? Statistic

The problen with R? is that it always increases when adding more parameters. It is not a good
criterion for model selection since the bigger model will always win.

Adjusted R?

The adjusted R? is a modification of the R? that penalizes the number of parameters. It is defined
as:

SS'r'esidual/(Tl — k- 1) N -1
2 1 _ — 1 _ _ P2
Fatr =1 g8 /(= 1) by )

52

= 1 _—_—
SStotal/(n - 1)

where s? is the estimated variance of the residuals. This means that when using the adjusted R? as
a criterion, the model with the lowest s? and the highest SS;psq Will win.

The optimal model is the one that maximizes the adjusted RZ.

AIC

The Akaike Information Criterion is defined as:

AIC = —2log(L) +2(k+1)

In the case of linear regression with normally distributed errors, the AIC is equivalent to:
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AIC = nlog (W) +2(k+1) 4 const

where n is the number of observations and k is the number of parameters withou the intercept. The
optimal model is the one that minimizes the AIC.

The AIC tries to select a model that fits the data well, but uses as few parameters as possible.

BIC

The Bayesian Information Criterion is defined as:

BIC = —21log(L) + log(n)(k+1)

In the case of linear regression with normally distributed errors, the BIC is equivalent to:

BIC =nlog (SST@SM) + log(n)(k + 1) + const
n

where n is the number of observations and k is the number of parameters withou the intercept. The
optimal model is the one that minimizes the BIC.

The BIC tries to select a model that fits the data well, but uses as few parameters as possible.
Additionaly it selects the model that needed the fewest training data to fit the model.

Automatic Model Selection

Forward Selection

Idea: Start with the null model and add one parameter at a time. At each step, add the parameter
that gives the best improvement in the criterion.

M=[] #M is intercept only at the beginning
current_AIC = fit_model (M)

while True:
best_covariate = None
best_AIC, best_covariate = np.inf, None

# go through all bigger models and select the one with the best criterion
for covariate in all_remaining_covariates:

M new = M + covariate

AIC = fit_model (M_new)

if AIC < best_AIC:
best_AIC, best_covariate = AIC, covariate

# 1f the best model ts better than the current model, add the covariate
if best_AIC < current_AIC:

M = M + best_covariate

current_AIC = best_AIC
else:

break

If a covariate is added, it is never removed again.
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Backward Selection

Idea: Start with the full model and remove one parameter at a time. At each step, remove the
parameter that gives the best improvement in the criterion.

M = all_covariates # M 4s full model at the beginning
current_AIC = fit_model (M)

while True:
best_covariate = None
best_AIC, best_covariate = np.inf, None

# go through all smaller models and select the one with the best criterion
for covariate in current_covariates:

M_new = M - covariate

AIC = fit_model(M_new)

if AIC < best_AIC:
best_AIC, best_covariate = AIC, covariate

# 1f the best model ts better than the current model, remove the covariate
# this may happen because fewer parameters are punished less. However, the
# model error may increase.
if best_AIC < current_AIC:

M = M - best_covariate

current_AIC = best_AIC
else:

break

If a covariate is removed, it is never added again.

Stepwise Selection

Idea: Start with some model and add or remove one parameter at a time. At each step do a forward
step and a backward step and select the best model.

M =[] # M is intercept only at the beginning
current_AIC = fit_model (M)
threshold = 0.05

while True:
### Forward step
best_AIC_forward, best_covariate = np.inf, None
# go through all bigger models and select the one with the best criterion
for covariate in all_remaining_covariates:
M_new = M + covariate

AIC = fit_model (M_new)

if AIC < best_AIC_forward:
best_AIC_forward, best_covariate = AIC, covariate

# if the improvement is mot big enough, stop
if |best_AIC_forward - current_ AIC| < threshold:
break

# 1f the best bigger model is better than the current model, add the covariate

if best_AIC_forward < current_AIC:
M = M + best_covariate
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current_AIC = best_AIC_forward
### Backward step
best_AIC_backward, best_covariate = np.inf, None

# go through all smaller models and select the one with the best criterion
for covariate in current_covariates:

M_new = M - covariate

AIC = fit_model(M_new)

if AIC < best_AIC_backward:
best_AIC_backward, best_covariate = AIC, covariate

# 1f the improvement is not big enough, stop
if |best_AIC_backward - current AIC| < threshold:
break

# 1f the best smaller model is better than the current model, remove the covariate
if best_AIC_backward < current_AIC:

M = M - best_covariate

current_AIC = best_AIC_backward

Aslong as the improvement is big enough, the algorithm will continue to add and remove covariates.
Covariates can enter and leave the model multiple times.
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Lecture 7: Nonlinear Regression

So far we have only considered linear models of the form y = Sy + S1z1 + - - - + Bpx, + €. However
we also want to consider models where E[Y|X] is not linear in X.

Transformations

Sometimes it is possible to transform the covariates or the response variable to make the relationship
linear. For example, if the relationship is:

y= axflxg%

Which has multiplicative error € with ¢, = log(e) ~ N(0,0?), then we can take the logarithm of
both sides to get:

log(y) = log(a) +B1 log(z1) +PB2 log(x2) + log(€)
—— = —— —_——— ——
Y Bo X1 X €t
Y =00+ 51 X1+ B Xo + &

We can then use the linear model to estimate the parameters 3y, 81, 82. To get the original parameters,
we can exponentiate the estimated parameters. & = exp(f5p), f1 = P1, B2 = Ba.

Trend Models with infinite growth

The parameter 7 is the growth rate of the trend. All of these models have the property that the
mean of the response variable grows without bound as ¢ increases.

Linear Trend model

e =a+yt

Exponential model

Mt = Bet

Trend Models with Asymptotic Behavior

These models have the property that the mean approaches a limit as ¢ increases.

Modified Exponential Model
= a— e

This model starts at a — 8 and approaches a as t increases.
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Logistic Model
a

M= T3 et

This model starts at 7 and approaches a as t increases.

Newton Raphson Method

To find the estimator for 3, we follow the same principles as in linear regression:
o Maximizing L(8,0?) (equal to minimizing —L(83,0?))

OR
« Minimizing the sum of squares: S(8) = 1, [y — p(xi, B)]°

Since the models are nonlinear, we can’t use the normal equations to solve for the parameters.

Instead we use the Newton-Raphson method to find the MLE, where the goal is to minimize a
function f(f), with

OR

f(B) = —log(L(B))

The Newton-Raphson method is an iterative method to find the minimum of a function. It uses the
second derivative of the function to find the minimum. Therefore it only works if the function is
twice differentiable.

When using S(3) the update step is given by:

g = 50— [H(3M)] " v f(5%)

Where H(B®) is the Hessian matrix of the error function and V f(B8*) is the gradient of the error
function.

For —log(L(B)) the update step is:

B = k) 4 [1(8")] 7L DlogL (™)

Where the Hessian is replaced by the information matrix I(3) = E[—D?logL(3)]

This is repeated until convergence.

Good starting values

The Newton-Raphson method is sensitive to the starting values. Therefore it is important to have
good starting values close to the actual parameters.

One can use a few datapoints to reverse engineer what the parameters should approximately be.
Then use these as starting values for the Newton-Raphson method. This boils down to solving a
system of equations.

Example: Exponential Model

o Let the data be (z1,y1), (z2,y2), ...
e Then we have the following equations:
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y1 = Be7
Yo = B2

We can solve for § and 7 using these equations. This yields to:

_ log(y1) — log(y2)

T — T2
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Lecture 8: Time Series

Time series models are used to model the dependence between observations in time. The main goal
is to forecast future values of the time series. Its assumed that all data points are equally spaced in
time.

First Order Autoregressive Model

The first order autoregressive model (AR(1)) is defined as:

yr = w( Xy, B) + €16 = per—1 + ay

where (X, 8) is the mean of the time series, ¢; is the error term at time ¢, ¢ is the autoregressive
parameter and a; ~ N(0,0?%) is the white noise term.

Since the errors depend on the previous data its a first order autoregressive model.

By recursively substituting the error term we get:

€ =ar+ da_1 + a2+ ...+ ¢ ay

Mean

The mean of the error term is 0:

Ele)] = Elas + ¢par—1 + *as—2+ ...+ ¢ 'ay] =0

since all a; have mean 0.

Variance

The variance of the error term is:

Var(e) = Var(ag + pas_1 + ¢*as_o+ ... + ¢ tar) = [1 + > + o' +.. ] = T

since the a; are independent and have variance o2.

Covariance

The covariance of the error term is:

Cov(et, ) = E

E
=F
E

leret—k] — Eler] Eler—]
[erer—k] (since Ele] = 0)
[(ar + Per—1)€r—k]
later—1] + OE €161 4]
04 ¢E(€er—1,€:—k) (since Elarer—i] = Elat]Elet—r] = 0)
= ¢COU(€t71, €t7k)
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Correlation

The correlation of the error term is:

Cor( ) Cov(et, €r—1)
€1, €i—k) =
ek \/Var(et)Var(et,k)

_ dCov(€r—1,€—k)
VVar(e)Var(er—)

~ ¢CO7’(€t—1, €t—k)
Vo =% 02/(1— %)

~ ¢Cor(€er—1, €r—1)

Autocorrelation Function

The lag k autocorrelation function is defined as:

ri = Cor(eg, €—k)
Cov(e, €1—k)
- \/Var(et)Var(et_k)
~ ¢Cor(e—1,€t—k)
~ ¢*Cor(es_o, €_1)
~ ¢FCor(e;_p, €1—1)

%gbk

This means that the autocorrelation function of an AR(1) model is a geometric sequence with
common ratio ¢. It vanishes as k increases.

The covariance matrix of the error term e is:

1 (;5 ¢2 ¢3 . qsnfl

¢ 1 ¢ N

Y =Var(e) ¢? ¢ 1 4 P
¢n'71 ¢n'72 ¢n.73 ¢n'74 .. 1

where Var(e) = 02/(1 — ¢?).
This means that the resulting model becomes: y = X8 + € where € ~ N(0,X).

Random Walk Model

The random walk model is a special case of the AR(1) model with ¢ = 1:

yr = (X, B) + €rer = €1+ ay

where (X4, 3) is the mean of the time series, ¢, is the error term at time ¢ and a; ~ N(0,0?) is the
white noise term.

The difference is that the random walk model accumulates the errors over time without any decay.

The analysis of the random walk model is similar to the AR(1) model.
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Second Order Autoregressive Model

The second order autoregressive model (AR(2)) is defined as:

yr = (X, B) + €rer = Prei—1 + poer—2 4+ ay

where p(Xy, 8) is the mean of the time series, ¢, is the error term at time ¢, ¢; and ¢, are the
autoregressive parameters and a; ~ N (0, 0?) is the white noise term.

It is valid if the following conditions are met:

e P1t+ o2 <1
e g1 —¢p2<1
o —1< QSQ <1
The expected value of the error term is 0. And the first lag autocorrelation function is: r; = 1252'

The remaining analysis is ommited.

Moving Average Model / Noisy random walk

The moving average model is defined as:

Yt = [,L(Xt,ﬂ) + €16 = [1 — 9](at_1 +ar_o+ .. ) + aq

where (1(X¢, 8) is the mean of the time series, € is the error term at time ¢, 6 is the moving average
parameter and a; ~ N(0,0?) is the white noise term.

This model takes a weighted average of the previous errors and adds a new error term. The expected
value of the error term is 0.

The name comes from the fact that the model is a random walk combined with a moving average of
the previous errors.

€= Ay + €1 — Oei—1
——— ——

random walk  fraction of previous errors

Another expression for the error term is:

€ = (1 — 9)[€t—1 + Oer—o + 926,5_3 +.. ] —+ a¢

which means that the error term is a weighted average of all the previous errors.

Forecasting

The goal of all time series models is to forecast future values of the time series. By calculating y;41
we can forecast the next value of the time series.

AR(1) Forecast
The forecast of the AR(1) with a single covariate is:

Jrr1 = dye(1 — &) Bo(weg1 — dz4) B

The confidence interval for the forecast is:

Jtr1 T tajon—2VVar(jis1)

where 1,/2 ,—2 is the 1 — a/2 quantile of the t-distribution with n — 2 degrees of freedom.
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By recursively calculating the forecast we can forecast the next k values of the time series.

Gtr = Ohsr1 + (1 — D)o + (Tryr — dTryr—1) b1

Random Walk Forecast

The forecast of the random walk model is:

~

Y1 = Yt + 31 (xe41 — x¢) — Oay

One can also predict the optimal a; by minimizing the mean squared error of the forecast. This is
needed when the white noise term is not known.
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Lecture 9: Logistic Regression

Introduction

Logistic regression is a statistical model for assessing the associaten between covariates X =
X1,...,X, and a binary outcome Y.

Definitions

o p(Y = 1): probability of event of interest, also called risk

e glp) = log(ﬁ) is called the logit link function
e Odds(X) = Zgié};; = 13(;(/;31)8() is the odds of an outcome for a fixed X. It says how much
higher the probability is for the outcome than for the non-outcome.

_ Odds(X=1)
OR = Odds(X=0)

ratio of the odds for a one-unit increase in X. For multiple covariates, it is the change for a
unit increase in a single variable with all others fixed.

is the odds ratio for binary covariates. For continuous covariates, it is the

1+exp(Bo+P1X)
association between X and p(Y = 1) if 8; > 0 and a negative association if §; < 0.

log (715(;(/;21)) =00+ /X = pY=1)= czpBoth X) o(Bo + B1X). So there is a positive

Interpretation

log (554 ) = o+ BiX <= Odds(X) = exp(Bo + 1X)
It follows that:

e Odds(X =0) = exp(Bo)

e Odds(X =1) = exp(Bo + B1)
» OR = Gaitx=n = cop(B)
e By =1log(Odds(X = 0))

o 1 =1og(OR)

Likelihood

In logistic regression, the outcomes X; € {0,1} are assumed to be independent for ¢ = 1,...,n with
e (=8
distributions Y; ~ Ber(n(z;, 3)) where 7(z;, 8) = %.

The likelihood is defined as:
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W(l’i, B)Yi (1 — W(xzﬂ))l—yi

(ﬁféi%)“<1+ex;<xm>l“

xp(x] BY:)
D1+ efﬂp( 7B)
_ 6xp[(2¢=1 Yi‘xi )B]
[T7=, (1 + exp(a] B))

h
=
|

o
Il
A

1 ::]: s

The mle § is found using the Newton-Raphson algorithm applied to —logL(p).

Constellations

The likelihood can be reduced by compacting the data points that have the same X values, called
constellations.

Let m denote the number of unique constellations x;, ng; the number of data points with this
constallation and y; the number of these equal to 1. Then the likelihood becomes proportional to
that of the binomial distribution:

L(B) o< [ ] w(an, 8)2 (1 = m(ay, )"
k=1

logL(B) o< > _ yrlog[m(xk, B)] + (nk — yx)log[l — m(wy, B)]

The derivatives of the log-likelihood are given by:

dlogL S
Ogg(ﬂ Z Yk — i (xk, B)|zy € RP
k=1
2
) laoié an zy, B)(1 — m(zk, B))zpzi € RP*P

Confidence intervals and tests of hypotheses

The variance of 3 is approximated by

A 2 71
Var(p) ~ (8 lggf;(ﬁ)>

This comes from the taylor expansion of the log-likelihood around B :
Forj=1,....,p

o se(f;) = \/Var(B);;

e 100(1-a)% CI for log OR: Bj + zl_a/gse(ﬁj)

e 100(1-a)% CI for OR: exp(ﬁ] + 2 a/zse(ﬁj))

o Test: Hy:B; =0vs. Hy: B; #0: ~ N(0,1)

Se(ﬁ])
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Likelihood ratio test

Assume a restricted model x,.s C  with log odds ratios S,es:

T
Hrestrict . xresﬂres

Hpp 2" B
LRT statistics = —2log (L(Lﬁ(f))> ~ Xiim(ﬁ)fdim(ﬂres) under H,cg¢rict, where 3 and ,6;65 are the
mle’s of the full and restricted model. Using the previous results it can be shown that

m
LRT statistics = Z yrlog
k=1

l w(xk73)

W(xkﬁ':es)

1-— ﬂ(mk,ﬁ) ]

+ (ﬂk — yk)log [1 _ W(xkﬁ;es)

Deviance

Suppose there are m << n constellations such that each constellation could get its own probability

Plk:
Hyull zTB

Hgturated : constellation-specific probabilities(my, . .., 7pm)

The LRT statistic is used, but here referred to as the deviance:

L(my, ...,
D= _2l0g <W> ~ andim(ﬁ)undeeruu

Where 7 is the mle of the saturated model and given by 7}, = Z—’; Therefore, the deviance can be
re-written as:

D:2m lo L’i Nng — lo 71_Zﬁk) ]
2 QL T gll—mk,(ﬁ))

LRT = 2[logL(full) — logL(restrict)]
= 2[logL(saturated) — logL(restricted) — logL(saturated) + logL( full)]
= D(restricted) — D(full)

In R, the residual deviance at the bottom of the output refers to the hypothesis H vy vs Hyaturated
which tests the goodness of fit of the specified model, including the intercept. The null deviance at the
bottom of the output refers to the hypothesis Hiptercept VS Hsaturated Which tests the intercept-only
model. We can therefore run the restricted and full model to compute the LRT statistics in R.
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Lecture 10: Poisson Regression

Poisson regression is used to model count data. The main goal is to forecast future natural numbers.
The Poisson distribution is used to model the number of events that occur in a fixed interval of time
or space. Like the number of accidents at a traffic intersection, the number of calls at a call center,
the number of patients in a hospital, etc.

Poisson Distribution

The Poisson distribution is a discrete probability distribution that expresses the probability of a
given number of events occurring in a fixed interval of time or space. It is defined as:

ey
y!

PY =y)=

where k is the number of events, A is the average number of events in the interval and e is Euler’s
number.

The mean and variance of the Poisson distribution are both equal to A.

The Log-Link function is used to model the mean of the Poisson distribution:
log(p) = Bo + 1 X1 + ... + Bp X,

Likelihood
The likelihood is defined as:

n

—pi Vi n
13 =TT ot o T et
v i=1

i=1

where p; = exp(z! B).
The mle /3 is found using the Newton-Raphson algorithm applied to —logL(f8).
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Lecture 11: Mixed Effect Models

Mixed effect models are used to model the same data for a number of different people. For example,
4 people take 10 blood pressure measurements each spread over 3 months. The data is then modeled
using a mixed effect model.

The questions are:

1. What is the population average blood pressure?
2. What is the deviation of each person from the population average?
3. What is the deviation of each measurement from the person’s average?

The model is:

Yij = Bo + bi + €ij
~~ ~~

population average  person deviation  measurement deviation

where y;; is the j-th measurement of the i-th person, /3y is the population average, b; is the deviation
of the i-th person from the population average and e;; is the deviation of the j-th measurement of
the i-th person from the person’s average. Its assumed that b; ~ N(0,d) and e;; ~ N(0,02).

The mean of the model is:

Elyij] = E[Bo + b; + ei;] = Bo

The variance of the model is:

Var(yi;) = Var(Bo + b; + eij) = d+ o
The covariance of the model is:

Cov(yij, ykm) =0 for i # k as people are independent
Cov(yij,yij) =d+ o?
Cov(yij, yir.) = Cov(Bo + bi + eij, Bo + bi + eix)
= Cou(b; + €;j,b; + eir)
= Cov(b;, b;) + Cou(b;, ;1) + Couv(ey;, b;) + Cov(eij, eir)
=d+04+040

The correllation is defined as:

COT(Z'j, ykm) — Cov(yija ykm)
VVar(yi;)Var(yem)

In this model this turns out to be:
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Cor(ij,yxm) =0 for i # k as people are independent

d
P, between measurements of the same person
o
e

Cor(ij,y;j) =1 for the same measurement

COT(’L']" yzk) =
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Formulas Cheat Sheet

Simple regression

Probability

Let X,Y be random variables and a, b constants.

Expected value

o Expected value of a constant

— E(a)=a
e Linearity of expectation

— E(aX +bY)=aE(X)+bE(Y)
¢ Sample mean

- jZ%Z?:lmi

Variance

e Variance of a constant
~ Var(X) = B[(X — p)?] = E(X?) — B(X)?
¢ Variance of an additive constant
— Var(aX +b) = a*Var(X)
e Variance of a linear combination
— Var(aX +bY) = a*Var(X) + 2abCov(X,Y) + b*Var(Y)
¢ Sample variance
— vary = ﬁSm = ﬁ S (z — 7)?

Standard error

e Standard error of a random variable

- sd(X) =/ Var(X)

Analysis of variation

e Total sum of squares
- SStotal = 21;1(% - g)Q
- SSregression = Z?:l(@ - g)Q
- SSresidual = Zzl:l(yi - @1)2
- SStotal = SSregression + Ssresidual

Covariance

¢ Definition
~ Cou(X,Y) = E[(X — jix)(Y — py)] = E(XY) — E(X)E(Y)
* Cov(X,X) =Var(X)
— The covariance is 0 if X and Y are independent
o Covariance of X and a constant
— Cov(X,a) =0
o Covariance under constant multiplication

— Cov(aX,bY) = abCov(X,Y)
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Covariance under addition
— Cov(X +a,Y +b) =Cov(X,Y)
Symmetry
- Cov(X,Y)=Cov(Y, X)
Linearity of covariance (in each argument)
— Cov(aX +bY,Z) =aCov(X,Z) +bCov(Y, Z)
x Cov(>1 ;a; X;,Y) =" a;Cou(X;,Y)
e Sample covariance
— COVUzy = ﬁswy = ﬁ Z?:l(xi - i‘)(yz - g)

Correlation

¢ Definition
Cov(X)Y) __ Cov(X,Y)

- CO’I’(X, Y) = sd(X)sd(Y) \/VaT(X)V(L'r'(Y)

Multiple regression

Probability of vectors and matrices

Let X,Y be random vectors and A, B be matrices.

Expected value of a vector or matrix

o Expected value of a vector
E[X1]
E[Xa)
- EX]=1 .

E[X,)
e Linearity of expectation
— E[AX + BY] = AE[X] + BE[Y]
Variance of a vector or matrix
e Variance matrix
— Var(X) = E[(X — p)(X = )"] = E[XXT] - EX]E[X]"
e Variance of scalar times a vector

— Var(AX) = AVar(X)AT

Least squares
Least squares solution

. B=(XTX)"'XTy

N 1z -0 @0

Y2 1 wor oo x| . B1
—y= , X = , 8= :

Yn 1 Ty - Ty Bp

o« Hat matrix
- H= X(XTX)_1XT
- y=Hy

Estimation of o2

o 62 =st= >0 (yi —0i)?
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Analysis of variance
Total sum of squares

o SSiotal = yTy - ngZ

o SSresidual = yTy - ﬂTXTXﬂ

° SS'r‘egression = BTXTxﬁ - ng2

° SStotal = SSregression + SSresidual

Model Diagnostics

Standardized and Studentized residuals

« Standardized residuals: ef = <

+ Studentized residuals: d; = - \/1617h

Autocorrelation

Zn Et€t—k
— 1 CtCt—k
rp = A=kl TR

= , k=1,2,...
Zt:le%

1
ro=1, E[rg] =0, Var[rg = -
¢ Residuals probably correlated if |rg] > 2\/% for any k£ > 0.

Dubin-Watson Test Statistic
DW — Z?:Q(eﬁ - €2t—1)2
D1 €
« Hints at correlation in residuals if deviates from 2.
o If deviation happens, other tests should be used to confirm.

%2(1—7"1)

Cook’s distance (influence measure)
Di = (8= B&) X' X(B = Bay)/[(k+1)s°]
or

2
hii i €;

Di=—7—"7-+—— di=—F—w—
(I=hy)(k+1) sv1— hy;
e D; > 0.5 : should be observed

e D; >1: great concern
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R Cheat Sheet

Data structures

# Create a vector
x <- c(1, 2, 3, 4, 5)
X

Basic operations

sum <- sum(x)

mean <- mean(x)

var <- var(x)

sd <- sd(x)
transpose <- t(x)
round <- round(x, 2)
sort <- sort(x)

Linear regression

# Fit a linear regression model (y=a+b*temp)
fit=1m(ozone~temp, data=airquality)

summary (fit)

plot(fit)

# Fit a linear regression model with interaction (y=a+b*temp+crwind+d*temp*I[wind==1])
fit=1m(ozone~temp*wind, data=airquality) #includes temp, wind, and temp:wind

summary (fit)

plot(£fit)

# Fit a linear regression model with a quadratic term (y=a+b*temp+c*temp 2)
fit=1m(ozone~temp+I(temp~2) ,data=airquality)

summary (fit)

plot(fit)

# Fit a linear regression model without an intercept (y=bx*temp)
fit=1m(ozone~temp-1,data=airquality)

summary (fit)

plot(fit)

Using the factor function, we can include categorical variables in the model. The factor function
automatically creates the dummy variables for us.

# Fit a linear regression model with a categorical wvariable (y=a+b*temp+c*factor(month))
fit=1m(ozone~temp+factor (month),data=airquality)

summary (fit)

plot(fit)

# Fit an adapted linear model (log(y)=a+b*temp+c*factor(month))
fit=1m(log(ozone) ~temp+factor (month) ,data=airquality)
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summary (fit)
plot(fit)

Model selection

# Fit a linear regression model with all possible predictors
fit=1m(ozone~.,data=airquality)
summary (fit)

# Use the stepwise selection method to select the best model using the forward selection method witl
stepAIC(1m(log(ozone) ~temp,data=airquality, direction="forward", scope=list(upper=~temp, lower=~1))

Nonlinear regression

# Fit a nonlinear regression model (clor~a+(0.49-a) * exp(-b*(age-8))
fit=nls(clor~a+(0.49-a) * exp(-b*(age-8)),data=chlorine, start=list(a=0.1, b=0.1))
summary (fit)

plot(fit)

The nls function is used to fit a nonlinear regression model. The start argument is used to provide
initial values for the parameters. It uses the Newton-Raphson method to find a local minimum of
the sum of squares.

# Compute quantiles
z_05 <- gqnorm(0.5) # Standard normal
qf_05 <- qf (0.5, 2, 3) # F-distribution with 2 and 3 degrees of freedom

Plotting

# Create a scatter plot
plot(x, y, main="Scatterplot Example", xlab="X Axis", ylab="Y Axis")

# Plot linear regression
fit=Im(y~x)
plot(fit)

Autocorellation

# Compute the autocorrelation of a time series (lag=1)
acf(residuals(fit),las=1)

Normal Probability Plot

Normal probability plot of residuals is a graphical technique to assess whether the residuals from a
model follow a normal distribution. On the x-axis, we have the quantiles of the standard normal
distribution. On the y-axis, we have the quantiles of the residuals. If the residuals are normally
distributed, the points should fall on a straight line.

Case 1: Residuals are normally distributed****

One can clearly see that the points fall on a straight line. This means that all residuals observed are
consistent with what we would expect if they were normally distributed.

Case 2: Residuals are uniformly distributed®***

One can clearly see that the points do not fall on a straight line. The line curves upwards and then
downwards. This means that there are more residuals in the middle and fewer residuals at the tails.
This is consistent with a uniform distribution.
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Tests

Durbins-Watson Test

# Compute the Durbin-Watson test statistic
dwtest(fit, alternative="two.sided")

Time series

The gls (Generalized Least Squares) function is used to fit a generalized least squares model. The
correlation argument is used to specify the correlation structure of the errors. The corARMA
function is used to specify an ARMA correlation structure.

# Fit a generalized least squares model (AR1 model)
fit=gls(y~x,correlation=corARMA(p=1,q=0) ,data=dat)
summary (fit)

# Fit a generalized least squares model (AR2 model)
fit=gls(y~x,correlation=corARMA(p=2,q=0) ,data=dat)
summary (fit)

Logistic regression

Using the glm function, we can fit a logistic regression model. The family argument is used to
specify the distribution of the response variable. The link argument is used to specify the link
function.

# Fit a logistic regression model
fit=glm(Surv~Gender+Age,family=binomial (link="binomial") ,data=dat)
summary (fit)

Poisson regression

Using the glm function, we can fit a Poisson regression model. The family argument is used to
specify the distribution of the response variable. The 1ink argument is used to specify the link
function.

# Fit a Poisson regression model
fit=glm(Matings~Age,family="poisson",data=dat)
summary (fit)

Linear Mixed Models

The 1me function is used to fit a linear mixed model. The random argument is used to specify
the random effects. The correlation argument is used to specify the correlation structure of the
random effects.

# Fit a linear mized model
fit=1me(y~x,random=~1|group,correlation=corARMA(p=1,q=0) ,data=dat)
summary (fit)
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